HEAT AND DIFFUSION FLUXES IN A IONIZED GAS

Nachweises der ESR 3033 3% wurde im vorliegenden
System gezeigt, dal die 7,-Komponente strahlt 8.
Dieser Befund stimmt mit dem experimentellen Er-
gebnis k,>k, >k, iiberein, kann dieses aber nicht
quantitativ erkldren, denn der strahlungslose Anteil
der Desaktivierung betrigt etwa 90% % 27, Daraus
folgt, daB auch fiir die strahlungslosen Ubergiinge,
die iber hohe Schwingungsanregungen des elektro-
nischen Grundzustandes 'A, erfolgen, Auswahlregeln
existieren:

kIISC =5 kyISC > kZISC +0.

Diese Auswahlregeln wurden bislang nicht theore-
tisch behandelt.

Fir ein beliebiges System ldBt sich der genaue
Weg der Be- und Entvilkerung des phosphoreszie-
renden Triplettzustandes nur vorhersagen, wenn

33 M. SHARNOFF, J. Chem. Phys. 46, 3263 [1967].
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neben der Symmetrie der Elektronenzustinde die
energetische Lage aller Anregungsniveaus und die
Quanten der Molekiilschwingungen bekannt sind.

Um die vorliegenden Probleme zu klaren, haben
wir inzwischen begonnen, weitere Systeme zu unter-
suchen. Es zeigte sich, dal} alle Systeme mit hinrei-
chend ,langer* Spin-Gitter-Relaxationszeit Spin-
Polarisationseffekte aufwiesen. Das tiberraschendste
Ergebnis war dabei, da} auch bei Triplett-Excitonen
in reinen Naphthalinkristallen bei etwa 300 °K ein
Am =1-Ubergang bei spezieller Orientierung emis-
siv, und einer absorptiv ist 23.

Herrn Professor Dr. H. C. WoOLF danken wir auf-
richtig fiir die hervorragenden Arbeitsmoglichkeiten im
3. Physikalischen Institut und fiir die stetige Forderung
dieser Arbeit. Die Arbeit wurde von der Deutschen
Forschungsgemeinschaft mit Sachmitteln unterstiitzt.

34 A. L. KwiraM, Chem. Phys. Letters 1, 272 [1967].

Heat and Diffusion Fluxes in a Multicomponent Ionized Gas in a Magnetic Field

I. General Expressions
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Ordinary and thermal diffusion as well as heat flux in a dilute, ionized, multicomponent mono-
atomic gas in a magnetic field are considered with the Chapman-Enskog-Burnett method. It is
shown how, with certain modifications, the usual expressions for the properties of an un-ionized
monatomic gas may be applied to this case. The expression for the diffusion flux is compared with

the momentum equation suggested by Schliiter.

The importance of transport properties in deter-
mining the behaviour of an ionized gas has stimulat-
ed many theoretical studies of these properties, most
often with the Chapman-Enskog-Burnett method 1.
Some expressions for the properties in electric and
magnetic fields were given in the first edition of the
book by CHAPMAN and COWLING!, and further
work was done by COWLING in 1945 2, but the first
accurate expressions for the electron properties of
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1 S. CHAPMAN and T. G. CowLING, The Mathematical Theo-
ry of Non-Uniform Gases, Cambridge University Press,
London 1958, pp. 322—338.

2 T. G. CowLING, Proc. Roy. Soc. London A 183, 453 [1945].

3 R. LANDsHOFF, Phys. Rev. 76 [1949] ; 82, 442 [1951].

4 L. SPITZER, JR. and R. HARM, Phys. Rev. 89, 977 [1953].

a fully-ionized gas in a magnetic field were given by
LANDSHOFF in 1949 3. A number of subsequent stu-
dies have confirmed his results* 8 and extended
them to the ion viscosity 78, and to the a. c. electri-
cal conductivity %, and have included the first sub-
dominant (non-logarithmic) term in the expres-
sions 1% 11, A collection of numerical factors as well
as a rule for extending the results for the electron
properties in a steady magnetic field to the case of

5 W. MarsHALL, AERE T,R 2419 Atomic Energy Research
Establishment, Harwell (England) 1957. — Corrected in:
R. W. VAuGHN-WiLLIAMS and F. A. Haas, Phys. Rev. Let-
ters 6, 165 [1961].

8 S. I. BRAGINSKIL Soviet Phys.-JETP 6, 358 [1958].

7 S. KANEKO, J. Phys. Soc. Japan 17, 390 [1962].

8 B. B. RoBiNsoN and I. B. BERNSTEIN, Ann. Phys. New
York 18,110 [1962].

¢ C.S.SHEN and R.L.W. CHEN, Plasma Phys. 6, 389 [1964].

10 Y. ITIkAWA, J. Phys. Soc. Japan 18, 1499 [1963]. (Correct-
ed in Ref. 1),

11 R. H. WiLLiams and H. DEWITT, to be published, 1968.
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combined magnetic and alternating electric fields
have been given 2.

The inclusion of neutral species into accurate ex-
pressions for the transport properties has been ef-
fected only recently. COWLING? included neutral
species in the first approximation 3 to the electrical
conductivity in a magnetic field. This approximation
is, however, highly inaccurate for the strongly ioniz-
ed gas (=17 ionization), and predicts much too
small a coefficient at low ionization for certain ty-
pes of electron-neutral cross sections!* 5. Further
work included development of expressions for elec-
tron coefficients in a three-component plasma with-
out* and with a magnetic field 16. Explicit expres-
sions are now available for up to the sixth approxi-
mation to all electron coefficients in multicomponent
mixtures in a magnetic field in which the electron-
neutral cross sections have an arbitrary dependance
on relative energy !7 8. The behaviour of the ion
and neutral species in a multicomponent plasma
without B-field have also been considered 71920,

The purpose of the present work is to extend the
expressions for the transport coefficients of a mix-
ture of an arbitrary number of species® 2!, both
charged and uncharged, to the case where a magne-
tic field is present. These expressions turn out to be
only slightly different from those previously derived
for this gas in the absence of a magnetic field. As
with the electron properties in a magnetic field I
1618, 22 it s necessary only to introduce complex
terms containing the various cyclotron frequencies,
and then to extract the real and complex parts of the
coefficients. The former is the transverse component,
perpendicular to the magnetic field B and the driv-
ing force under consideration (E, Vpi, etc.) and

2

I. P. SHKAROFSKY, I. B. BERNSTEIN, and B. B. ROBINSON,

Phys. Fluids 6, 40 [1963].

13 The level of approximation refers to the number of terms
in the Sonine polynomial expansion, see Egs. (16) and
(29). Some authors number the approximations from the
first non-vanishing approximation, so that the first approxi-
mation to thermal conductivity and thermal diffusion coef-
ficient are computed with two terms in the expansion.

14 H. ScHIRMER and J. FrRIEDRICH, Z. Phys. 151, 174 [1958] ;
151, 375 [1958] ; 153, 563 [1959].

15 R. S. DEvoTo, in: Elektro- und Magnetohydrodynamik,
Herausgeber F. ScHuLTz-Grunow, Bibliographisches Insti-
tut, Mannheim 1968.

16 S, SCHWEITZER and M. MITCHNER, Am. Inst. Aeron. Astro-
naut. J. 4, 1012 [1966] ; Phys. Fluids 10, 799 [1967].

17 R. S.DEvoTto, Phys. Fluids 10, 2105 [1967].

18 C.P. Lrand R. S. DEvoTo, Phys. Fluids 11, 448 [1968].

19 R. S. DEvoTo, Phys. Fluids 9, 1230 [1966].
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the latter is the so-called Hall component-perpendi-
cular to both B and to the forcing term. The coeffi-
cients parallel to B are the limit of the complex ex-
pressions when |B|— 0.

In the expressions all species are considered on
an equal basis, i. e. the simplifications possible be-
cause of the small electron mass have not been intro-
duced. As a result they are also applicable to gases
composed of positive and negative ions. More often,
the gas under consideration will contain the very
much lighter electrons in a concentration equal to
or greater than that of the ions. In this case the elec-
tron properties will be affected by a much smaller
magnetic field than that necessary to influence the
ions. Since it is possible to develop much simplified
expressions for the electron properties in multicom-
ponent gases 16718 22 it is possible in this case to
compute the influence of the magnetic field without
using the more complicated expressions developed
here. In an increasing number of experiments, e. g.
magnetically confined electric arcs 2> 24, the magne-
tic field is so large that the electron coefficient is
reduced below that of the ions, and the latter itself
is reduced by the magnetic field. In this case, the
expressions presented here are useful in predicting
the coefficients in regions of partial ionization, or
where ions of several sorts are present. SCHLUTER ?
and, slightly later, JOHNSON 20 have suggested that
a type of momentum equation for each species be
used to predict the motion of individual species in
an ionized gas. Since these expressions have found
wide application in understanding the behaviour of
electric arcs?® 2728 it is worthwhile to see if they
can be justified from kinetic theory. A comparison
of the results of kinetic theory with the expressions
of SCHLUTER is also given here.

20 R.S. DEvoTO, Phys. Fluids 10, 2704 [1967].

21 J. O. HirRSsCHFELDER, C. F. CurTiss, and R. B. Birp, Mole-
cular Theory of Gases and Liquids, Chap. VII, John Wiley
& Sons, New York 1964.

22 C. H. KrRuGer and M. MITCHNER, Phys. Fluids 10, 1953
[1967].

23 C. MaHN, H. RINGLER, and G. ZANKL, Z. Naturforsch. 23 a,
867, 874 [1968].

24 H. WuULFF, in: Proc. 7th Intern. Conf. on Phenomena in
Tonized Gases, Belgrade 1965, Vol. I, p. 829.

25 A.SCHLUTER, Z. Naturforsch. 5 a, 72 [1950]; 6 a, 73 [1951].

26 M. H. JoHNsoN, Phys. Rev. 84, 566 [1951].

27 W. FINKELNBURG and H. MAEckeRr, Handbuch der Physik,
Bd. XXII, Springer-Verlag, Berlin 1956, p. 254 —444.

28 H. MAECKER, in: An Introduction to Discharge and Plasma
Physics, ed. by. S. C. HAypoN, University of New England,
Armidale, Australia, 1964, p. 245.



HEAT AND DIFFUSION FLUXES IN A IONIZED GAS

Solution of the Linearized Boltzmann Equation

The solution of the Boltzmann equation follows
along the same lines as given for the multicompo-
nent gas without magnetic field?! and for certain
properties of the binary ionized gas in a magnetic
field . Since the theoretical basis of the derivation
is discussed at length in these two references, it will
not be repeated here. Only enough of the steps will be
given to establish connection with the derivation of
the properties of the un-ionized multicomponent gas.

The properties are all given in terms of integrals
over the perturbation ¢; to the equilibrium Max-
wellian distribution f;(, which is found from the »
coupled equations (c. g. s. units) 12!

KO | T Vidit2b: Vog— (G — W) Ve VinT

_ | M y.s & Opi ) ]

fi [@ckTV' (jxB) + e B, (V;x B)

—n; 2, n; 1Lij (@i + @5) (1)
with

nin Lij(p) = [T 9 [ 9(pi— ) godQdv; (2)

and

pdi _ Vpi Vp _ (ffz; _ ") (E " M)
n;m; n;m; Y m; Y c
1]o
- Xi— anxk]~ (3)
o |m; y

j is the electric current, e; is the charge on the it"
species, B is the magnetic field, 0.= Z e, n;, is the
3

charge density (negligible in most gases), and X;
represents all external forces not electromagnetic in
nature. Other symbols are those used in Ref. 2.
When not otherwise indicated, the sums run over
all species i. e. from 1 to ». For later purposes it is
worth noting that the thermal velocity V; is related
to the molecular velocity v; and the mass average
velocity vy by V;=v,—v,.

Magnetic interactions as well as collisions are
considered on an equal basis in Eq. (1) ; situations
in which the magnetic effects are dominant as well
as those in which collisions are dominant can be
treated with the same theory. Since the masses and

29 H. A. Gourp and H. E. DEWITT. Phys. Rev. 155, 68 [1967].

30 R.S. DevoTo, J. Plasma Phys. 2, 617 [1968].

31 Y. M. ALiev and A. R. SHISTER, Soviet Phys.-JETP 18,
1035 [1964].
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charges of the several components in, for example,
a partially ionized plasma can be considerably dif-
ferent, it is clear that collisions may govern the
transport behaviour of certain species, while finite
gyroradius effects govern that of others.

It should be noted that the Boltzmann form of the
collision integral used here Eq. (2) is, strictly speak-
ing, valid neither for the case of charged-particle
interactions, nor in very high magnetic fields, when
the field affects the collisions. In the former case,
it is well-known that the Boltzmann term does cor-
rectly describe charged-particle interactions to do-
minant order, i.e. large Coulomb logarithm, when
either the Coulomb potential with cut-off at the
Debye length or the Debye-shielded Coulomb poten-
tial is used. The incorporation of results from ac-
curate collision terms% 129 into expressions de-
rived with the Boltzmann form is straight forward 3°.
It should be possible to do the same with collision
integrals including the effect of a finite Larmour
radius ! 32, Under a very wide range of conditions
such effects may be ignored 33.

The term involving b; in Eq. (1) contributes only
to the stress tensor and, for the purposes of this
paper, can be ignored. The solution to the remain-
der of Eq. (1) can be written in the form

Pi= —AL”'VHIHT—AIJ—'VJ— lnT
-—AiH'BAX V'L InT
+aS[Cil-dl + CiL-d;L + CiH-BxdL]  (4)
j

with AZH = AIH Wi 5 Ai—L = Ai-L Wi - The sca-
lars 4;/l, 4L, etc. are functions of W2 and B2, and
of the thermodynamic state of the mixture, which in
the Chapman-Enskog theory is assumed given by
the fluid dynamical equations. B is the unit vector
B/B and the superscripts |, -l; and ! denote the com-

ponents parallel to B (e. g. B-VVT), perpendicular
to B but parallel to the driving force e. g.

VI-BBVYT) = —-Bx (BxVT),

and in the Hall direction (e. g. ﬁleT). The
form chosen here for ; may be shown via vector
manipulation to be the same as that given else-
where ' 5. With this form for ¢; the electric current

32 Y. M. ALIEV, J. Appl. Mech. Tech. Phys. 3, 11 [1965].

33 S. 1. BRAGINSKII, in: Reviews of Plasma Physics, Vol. 1,
ed. by M. A. LeonTOVICH, Consultants Bureau, New York
1965.
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can be written as B (2 m:\"
0= i(O) &= (,7!) Lh_]_ _Lk_l_ — w; ih‘l‘_ k1l
j=2 ein(Vi) f 0c BT ( ) —wi(C crl)|w
i . niz n; Iij(CihH + C].’IH _ CikH = Cij) g (11)
i

= MY T -MLYLInT-MEBxVLInT

+nSLild) + LLd L + LM B < dL), (5)
i
where the coefficients are given by
M= ?li‘ei(mi/z ET)" [0 4l v2av,,
(6)
L= Z Yei(mif2kT)"™ [ @ C/llV 2 dV,,
(7)

and similar relations for the other directions.

The solution to Eq. (1) is linear in the various
gradients, which are determined by the equations of
magnetohydrodynamics. The gradients may be con-
sidered as independent parameters in Eq. (1), and
the coefficient of each must vanish. We need con-
sider only the solutions for C;/!l, CiL and C/¥, since
the solutions for 4;, 4L and 4 proceed via al-
most identical steps. From Eqs. (4) — (7), neglect-
ing terms involving V''In7T and VL1InT, we ob-
tain

,a(pi vV

sy VixB= anjz (Cil-d;L - Ci" B xd;l)
(8)
and R
jxB=nB> (Lidl-LL1Bxd;l). (9)
Vi
As could be anticipated, we see that C;i does not

occur in either Eq. (8) or (9). The equation for
this component therefore does not contain the mag-
netic field, and is identical to that obtained in the
absence of this field. The solution for C/!' and the
corresponding transport coefficients parallel to the
magnetic field are just those already given for the
multicomponent gas *!* #*. Equivalent remarks apply
to A;.

Upon substituting Eqgs. (8) and (9) into Eq. (1),

making use of the identity X d; =0 2!, and equating
o
coefficients of d,1 and B x d;+

L0 (80— 8 V.,
B (Zm» e ! :
(0) i MH_ JEHY _ ., (Y _ " KkH )
~f [ or ) (ELE) —op(C - W,
—ni2n;l;(CM+C/L

—-CH-CH), (10)
i

. we obtain

34 All coefficients in the absence of a magnetic field will be
denoted by the superscript || . Symbols without this super-
script in the present paper always denote complex com-
binations of perpendicular (L) and Hall (H) coefficients,
e.g. Ci=Cijl+icCiH,

with @;=e; B/m; c, the cyclotron frequency of spe-
cies i. In the limit of vanishing B-field, C/", and
therefore L™ vanish 33, We see that, in this limit,
Eq. (10) becomes identical with that for C*!l — C//l
so that

llm (Cihl — CikJ-)

B—0

=CM —CH, (12)
All parallel transport coefficients may therefore be
computed from the perpendicular coefficients by
taking the limit of vanishing magnetic field.
Equations (10) and (11) are coupled and are
most easily solved by introducing the new complex

variable 1+ 3¢
Ch=CPW;=(CM +ici W, (13)
and the complex coefficient
L= MLy g LM, (14)

Multiplying Eq. (11) by i=} —1 and adding the
result to Eq. (11) we obtain

1
n;
=i f;® l <2mi) (L"—LF) — oy (Cl—CF)| W,

kT
——n,'_/_'njl,j(ClHLCj” ~C,-}‘"7Cjk), (15)

]

fi 9 (0 — 0i) V;

which may be solved in the same way as in the ab-
sence of a magnetic field. We substitue in Eq. (15)
the finite expansion

-1

l*/ﬁ

ke M 7.2
C—Ci = S ST (W 3),

0

(16)

Il

P

where S¥) (W) are Sonine polynomials ! 3 2! and
the coefficients cf,‘, are, of course, complex. Now
form the inner product of (21 m;/kT)" S§3 (W 2) W;
with the resultant equation, integrate over dV; and
rearrange to get

Y‘ zqmp hk
j p=0

=3 71/2 (Snz()(()z/. - (Sz/z)
(m=0,1,.. (17)

35 Comparing the form for @; with that of Ref. ! we see that
Ci/H must be B times a scalar function of W;? and B2 If
Ci/H were proportional to B—2, then the Hall electrical con-
ductivity, for example, would become infinite at B=0,
which is physically impossible.

HE=1)
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with
2$ij e 2(1)J~ ‘))Y
‘/2 mp

kT p!
-(5”— nm 6mo). (18)

2 i m 2 m 9
qur =n; (i”‘—) {ni[ S8 (W 2) Wis SI(W 2)W,],+ S mSEE(F) Wis SE(W:) Wiy )
iTn

and
2 am;

a=rmims (220 SRV Wi S,

(W) W;lii(i+j).
The only effect of the magnetic field occurs in the
imaginary part of Eq. (18).

As in the case of the multicomponent gas with-
out a magnetic field, the Eqs. (18) with m =0 are
not linearly independent, but contain one redundant
equation 3. To prove this we need show only that
the coefficients of one of the equations can be writ-

ten as a linear combination of the coefficients of the
others. It can be shown that

Qka == ZQ%’
k¥

The proof of this equality follows from two proper-
ties of the bracket integrals,

[(0)i; (p)i]li =0

and  mi"*[(0)s; (p)ilys = —m;"[(0);;5 (p)ils
where obvious symbolic notation has been used for
the bracket integrals of Eqs. (20) and (21). These
properties can be deduced from relations given in
Chap. 9 of Ref. 1. The redundancy of Eqs. (17) for
m=>5 can be removed with the aid of the auxiliary
condition

oV =2 m; [v; f;V(1+¢;) dv;,
7

(21)

(22)

(23)

where v, is the mass average velocity of the gas.
Upon insertion of the form for ¢;, the condition on
the C;/ becomes

.\ o ) | )
Sm(yh) 3, [ THOCHI-Cl) V2 av,
+d k[ [O(CH -G Vv, (24)
+ (Bxdl) [ [O(C/HH ¢ VAV, =0

This condition must hold for any orientation of d;
relative to B, so the sum over j of each term must

36 Ref.!, p. 85—88 and Chap. 9.
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m D

The elements ¢}? are related to elements intro-

duced in HIRSCHFELDER et al. 2! by
gi? = (2amy/kT)"= QP (19)

and given in terms of the bracket integrals 3¢ by

(20)

separately vanish. The first sum is that used in the
ordinary gas mixture ?!. The second and third can
be combined into the complex condition.

o \z
) {hoes-cprzav-o. @3

Substituting the expansion of Eq. (16) we obtain
el =0. (26)

Z”i m;Cio =

i
This equation is then multiplied by l_]?? , divided by
n;m;"* and subtracted from Eq. (17) to yield the in-
dependent equations

2 Z‘l’""chk 3" (y,— 0u) (m=0,1,...,5-1)
i p= 0
(27)
with
‘IZ”D q (mj) qu 5m0 61)0‘ (28)
o \my
Some particular forms of Eq. (28) are:
¥ =0, (28 a)

Q?Jp = _8"5"1‘(

1/,
mir ) 2_(.1,1)
v
m;+m;

m;\'"? m;  \"= (28 b)
3 1) e ( ) ) (1)
(mz i kzﬁnk nlz+mk Q k

_i732nj (2]:]'1'1]) [ nim i (o —wz)+0)J,
2 m;\" 2
q:?maq:'z"wiwin,-( 2m) 20 m>0),
(28 ¢)
41’}”= g (m+p, m>0). (28 )

We see that the magnetic field affects all elements
for m =p =0, but occurs otherwise only in diagonal
elements. Thus only minor additions to the usual

37 Mentioned in Ref. 2!, p. 477, but the proof was not given.
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determinant elements are necessary to include the
effect of a magentic field. Expressions for the ¢
elements in terms of average cross section

Q@9 =762 QU)*
have been given elsewhere ' for m, p < 3. Thus, up
to the fourth approximation to the coefficients can
be computed.
As already mentioned, the solution for 4;L and
A" will not be considered in detail. Suffice it to say
that the coefficients a;,, in the expansion

&1

A=Al +iAB="3 a,, SEI (W) (29)
m=0
are found from
=1 15 ="
Z 2 q;);p Ay = — g n; (Sml . (30)
i p=0" 2

Transport Coefficients

In view of the similarity of the results of the pre-
vious section to those for the usual multitcomponent
mixture, it is not surprising that the usual expres-
sions for the transport coefficients carry over into
this case, with the simple addition of complex terms.

Diffusion Telocity

The diffusion velocity of the " species is given
by
1y 0}
(V)= ) \Vifz” ) dV;

9
n2
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and
D = DL ipi_ n,-m,-(2kT

2

) ap. (33)
m;

We see that both complex coefficients are given by
the usual multicomponent expressions 3% with the
replacement of certain of the real determinant ele-
ments by the complex elements of Eq. (27). Thus
the computation of properties in a magnetic field
may be carried out with little more effort than that
necessary for the un-ionized multicomponent gas.
The task becomes quite simple on computers where
complex arithmetic is part of the programming
language. The parallel diffusion coefficients are then
simply found from the perpendicular components
with vanishing magnetic field.

An alternative formulation of Eq. (31) including
the binary diffusion coefficients has been obtained
by HIRSCHFELDER et al.?’. This relation applies
here to the parallel diffusion velocities and reads,

s R cply v
j_%’i ngDij(< ]‘> \ l))
_ql_ s mnm (D _Df”) T (34
=& Fin*T Dy (njmj n; m; v (5%)

where the first approximation to the binary diffusion

coefficient is given by

3 (m,-+m)~)'2 (27 kET)"
R

If thermal diffusion is neglected, as it may be in

many experiments, then Eq. (35) is much simpler
than the corresponding form of Eq. (31), since the

Dij= -

16 n (35)

m;m;

— S mi[Dylld;ll + DL diL + D;]-”(ﬁ »dL)] expressions for D;; need not be evaluated. A similar
niQ i expression may also be derived for the gas in a
_ 1 (DI T +DILLT magentic field. We define a complex diffusion velo-
nym; T city
=B T, (31) (Vi*) = (Veb) - i B (Vid) (36)
with the perpendicular and Hall components of the .4 complex driving forces
diffusion coefficients found from A i @l
, fodlg L 37
D= D+ Dyl 2 (2”)!’2 i (32) Pt e
=TT 9w\ m e V*T=VLiT_-iBx VLT (38)
and find from Eq. (31) that
S P ey _psy TS ME g s il (DiT DT e
3D, (Vi) =ty = A (n; Dy =i Dyg) di* = 3 1 {J5 = 0 ) ORTL(39)
iFi

38 See Eqs. (8) and (9) of Ref. 2, or the corresponding equa-
tions in Ref. 21,

39 Ref. 21, p. 487.
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where the diffusion coefficients D;; and DT are, of course, complex. In the first approximation (m=0)

Eq. (27) can be rewritten in the form

S { n; n m; < n; " ’}lnj, (ﬂ,*inl;
£ 5 I L h
j¥i D,’j m; /;*1"[),‘/{ ILT

(wj— ;) + oy H [my Dy, (1) —m;: Dy (1)] =0(0y,—90y),  (40)

where the symbol (1) indicates the first approximation is involved. From Eqs. (26) and (32) we obtain

E_ mj(my Dj,—my Dj;) =0

]

(41)

which can be used with > d;* =0 and Eq. (40) to obtain
P

my, .on |nim; e;B e; B
S B nDa1) —ni D ()] di* = — o di* +4 ]‘T["n 2, ¢ meDnd?— =" 5 m Dy dy?
1, K ) ¢ g kR d
iFi

(42)

Equation (42) may now be used in Eq. (39) to eliminate the first term on the right hand side. The resul-
tant expression still contains terms involving Dj;., which may be eliminated in favour of jx B and
e;n;(V;) x B with Eq. (31). The real part of the final expression reads

s MM GyLly — (VL)) —diL L | o
i‘?inzDii(.‘V]> Lin ToenkT 0
1
kT
_ E -)n;nj { 1 [DjTJ-V—LT—FDjTH(BXvJ—T)]—
,‘#;n'TD,'J fl]'IIlj

where the first two terms involving D;"L and D;™
are, respectively, the thermal diffusion contributions
to jx B and (V;) x B. It is clear that Eqs. (34)
and (43) could be added together to obtain equa-
tions for the total diffusion velocities, if desired.
Equation (43), because of its simpler form, is
much more readily applicable to many problems
than Eq. (31). However, caution must be exercised,
since the first approximation to D;; has been used in
its derivation. In some cases, the best known being
the electron diffusion in a fully ionized gas® 19 this
approximation is highly inaccurate. At low ioniza-
tion in gases where the electron-atom cross section
displays the Ramsauer effect, a much higher appro-
ximation to the electron diffusion coefficients is
needed 17 4%, Fortunately, it is possible to derive a
much simplified form of Eq. (31) and the corres-
ponding transport coefficients for electrons, which
can be used to determine the electron diffusion velo-
city. Equation (43) can still be used for the diffu-
sion velocities of the ions and neutral species. In the
case of the diffusion of one type of ion through
other ions, errors of about 18% in the ordinary dif-
fusion flux may be introduced by using Eq. (43).

40 R. S. DevoTo, Phys. Fluids 10, 354 [1967]; 8th Intern.
Conf. on Phenomena in Ionized Gases, Vienna 1967.

(iXB) —eini((Vi> XB)

{{L’imi S [ DL (VLT % B) + DM VLT] —oy[DA (VLT % B+ D™ VLT]
0

1 [DILNLT +DiT“(I§ x V4 T)]} (43)

n;m;

Differences of this size were found between the first
and higher approximations to the self-diffusion co-
efficients of gas composed only of ions?. In the
case of ions diffusing through atoms, or excited
atoms diffusing through groundstate atoms, this
equation should be accurate within a few percent.

Heat Flux

The heat flux is given by
g=32m; [V; V2 ¢;dV;
= SkTénj(Vj) ~Ahir —J::J— VirT
7 —/‘.’H(BXVJ-T)
L ppia) +priaL

i Ty

(44)

+D (B xdL)].

The derivation of this equation for the parallel com-
ponents has been already given in Ref. 2. The de-
rivation for the other components follows in much
the same way. In the reduction of the last terms in
Eq. (47) it is convenient to work with the complex
quantity D;7L +i D™ rather than with each com-
ponent separately, so that the complex Eq. (15) and
its equivalent for 4; may be directly used. It is also
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necessary to employ the auxiliary conditions on
C/—C/F and A, to effect the reduction.

The parallel coefficient 2! is given by the ex-
pressions for the un-ionized gas, while the perpen-
dicular and Hall coefficents are given by

F=PLyil®= — jk(2kT)™ 3 50

L 1

i mj

(45)
and thus can be found from the usual expression *!
upon replacement of the real elements by those of
Eq. (28). These coefficients are not the true thermal
conductivities, since these are conventionally defined
as the coefficient of the thermal gradient when all
diffusion fluxes vanish. The various components of
d; must therefore be eliminated in favour of the
(V;) and VT with the aid of Eq. (31). MUCKEN-
Fuss and CURTISs 4% accomplished this for the sec-
ond approximation, i. e. for two terms in the Sonine
polynomial expansion [see Eq. (16)]; it was re-
cently found possible to extend their proof to an
arbitrary level of approximation *3. Through the use
of complex arithmetic, these proofs may be easily
extended to the gas in a magnetic field. Only the
simpler proof for the second approximation will be
considered here.

In place of the real vector &; of Muckenfuss and
Curtiss we define the complex vector &;* by

* 2 {nii\l/z *\ 1 T *
al N (ZkT) {\VI i nl-ml-T DI v T

n

< Lk *
= Z Cio dj

1

(46)

where D;T and ¢ are, of course, also complex. We
may now solve for d;* as done by Muckenfuss and
sion for g1 — iB gl which may be formed from
Curtiss, and substitute the solution into an expres-
Eq. (44). Extracting the real part of this expression,
we obtain finally for the heat flux the expression

DiTH E;; !
|2 n T nm
D,-T-J- Eij'L _ D,-TH Eij“
n;m;
_okT < D™ME;L+DTLEM
P
n i

I T L LT (B VLT). (47)

n;(V;ll)

1"1‘("#\/

nj(Bx<V,-ij.)}

n;m;

41 See Eq. (14) of Ref.!? or the equivalent equations in Ref. 21,
42 C, Muckenruss and C. F. CurTiss, J. Chem. Phys. 29, 1273
[1958].
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The complex thermal conductivity 21 +i " is given
by the expression for 4 with replacement of deter-
minant real elements by those given in Eq. (28) 4.
The matrix E;; is the inverse of the (complex) ma-
trix D;;m;#

adj (ID,']' m]')

Ei'EEi'L EIH: .
. it b det(D;jmj)

(48)
E,-J-} is the limit of EUL as B— 0, or may be com-
puted directly from the real diffusion coefficients.
Unfortunately, no simple relations corresponding to
those for ill, 7L and " have been found for the
terms multiplying the diffusion velocities in the gen-
eral multicomponent mixture. Simple expressions
are available for the binary gas*? and for the con-
tribution of the electrons to this term 17 45,

Comparison with Species Momentum Equations

In place of the diffusion velocity of each species
(V;) SCHLUTER ?* considers the average velocity

r

) 1 N
(v;) = \Uifzdv;':\vi)*vo-

i
An equation for (v;) may be developed from the
equation of change of a molecular property !,

m;n; DBy =-Vp/-V'm +nX
D,
(v;)
+n;e; (E+ \1’)11’>*<*B’) + Ri

\ c

(47)
with

pi =%nim; ((v;—(v;))?), (48)

<via>) (viﬂ— <viﬂ>) ) _pi’ 6:159
(49)

Ri=m; 2 [[] (vi— (i) fif;godQdv;dv; (50)
j

’
T = N mz( (via —

and

Dy B | iy
D, 3 t{v V.

Before application of Eq. (48) to a specific prob-
lem, two assumptions are usually made 2% 27 28;

(52 a)
(52b)

(51)

nizﬁ:oa

R;= _niz”i &; ((v;) — (;)).
i

43 R. S. DEvOTO, to be published.
4 See Eq. (30) of Ref. %2, or the equivalent in Ref. 2! or %3,
4 R.S. DEvoToO, paper to follow.



HEAT AND DIFFUSION FLUXES IN A IONIZED GAS

In (52 a) the stress tensor is neglected in compari-
son with the static pressure. The form assumed in
(52b) for R; includes only a friction between the
species, with the constants ¢; to be specified from
kinetic theory. A thermal force was also introduced
by MAECKER and PETERS * in an attempt to allow
for thermal diffusion in the mixture. It can be easily
shown from the expressions of the previous sections
or from work by BRAGINSKII® 33 that the form
which they use cannot describe thermal diffusion
perpendicular to a magnetic field. The thermal dif-
fusion will therefore be neglected in this section.
With the above assumptions Eq. (48) becomes

(v;) ><B>

(£

D;(v;)
S TR

_vpi,+nixi+niei<E+

—’lilznffii(<vi>~<vj>)- (53)

The presence of the velocity difference in Eq. (53)
suggests that we compare it with Eqs. (34) and
(43) . They differ from Eq. (53) in several respects,
the most noticeable being the lack of a substantial
differential. We can introduce such a substantial

derivative with an equation used in the development
of the left-hand side of Eq. (1) 47

Dy, _ (3, . )
D, =9( 3 TPV (54)
i< B
= —Vp+ lt —I—%n;\X;‘

This equation is, of course, the momentum equation
for a gas in the absence of a stress tensor, in the
present case with a Maxwellian distribution of velo-
cities. Since the forces causing the diffusion come
from the left-hand side of Eq. (1), we may reverse
this step and use Eq. (54) to rewrite Eq. (3) for
d;. Combining Egs. (3), (34), (43) and (54) un-
der the assumption of charge neutrality (0,=0), we
obtain

by o o < <"1>,,>,<,1§)
n; m; D Vpi+nX; +n;e;|E + .
in kT
=3 BT (o) = (). (55)
2 t

From a comparison of Eq. (53) and (55) we can
choose ¢;; as

£[j:kT/n D[j (56)

46 H. MAecCkER and TH. PETERS, Z. Phys. 144, 586 [1956].
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in agreement with other workers. However, there
are two discrepancies between Egs. (53) and (55),
the most evident being that between the substantial
derivatives. They differ by the amount

(Vi)
ot
When v, vanishes, or is small, and forces causing
diffusion are present and possibly changing with
time, then it is conceivable that Eq. (57) would not
vanish. Fortunately, in many problems treated with
Eq. (53), only the steady state is considered, and
the other terms vanish identically or are indeed

negligible.

The second discrepancy occurs in definition of
partial pressure. From the relation between the vari-
ous velocities we can write

+09" V (Vi) + (Vi) V(vy+ (Vi)). (57)

’

pi =pi—3nim(V;)? (48 a)

where

Pi=':1§nimi<Vi2>

is the usual definition of partial pressure !. The dif-
ference can be seen to arise from different defini-
tions of the “thermal” velocity of the gas: in the
primed system it is defined relative to the species
average velocity (v;), in the unprimed relative to
the mass-average velocity v, . If we sum Eq. (48 a),
we see that the total pressures also differ

P =p—%2nm(V;)%

Although it is possible to think of situations in
which the different definitions could be important
(e.g. Vpi=0 but Vp/+0), in general they will
be negligible. In the first order Chapman-Enskog
theory it is assumed that the various gradients and
forces are small enough to neglect quadratic terms
compared to the linear terms. The diffusion velo-
cities are proportional to the gradients, so terms
quadratic in those velocities should indeed be negli-
gible. It may also be noted here that the stress ten-
sors and the temperatures in the two systems also
differ by terms proportional to the square of the dif-
fusion velocities.

The derivation of Eq. (55) has also been carried
out in a slightly different manner by JOHNSON 26;
however, he did not consider the species momentum
equation and thus neglected the important differen-
ces brought out here. His derivations, as well as the

47 See Ref. 1, pp. 330—331 for a discussion of this step.
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present one, is based on the use of the first approxi-
mation, which restricts the application of this equa-
tion to species where this level of approximation is
accurate. We should not expect to obtain numeri-
cally correct factors if we use the above to compute
the electron flux in a gas. BRAGINSKII & 33 however,
was able to derive an equation similar to (47) for
the electron in a fully-ionized gas with inclusion of
thermal diffusion forces in R;. The above derivation
of Eq. (55) from kinetic theory allows us to set
quite generally its limits of validity, namely, those
of the Chapman-Enskog method: mean-free-path
and time between collisions shorter than distances
and times characteristic of the fluid gradients, and
those mentioned earlier with regard to the collision
integral and thermal diffusion. Such general state-
ments are not possible in the derivation from a spe-
cies momentum equation. The species momentum
equation does have the advantage of being able to
describe wave phenomenon in which electron or ion
inertia is important. Such cannot be accomplished
with the usual Chapman-Enskog method.

It is evident from Eqgs. (34) and (43) that we
could have included terms representing thermal dif-
fusion in Eq. (55) *8. Such a step does not seem ad-
vantageous for several reasons. Firstly such terms
in these equations perpendicular to the magnetic
field are quite complicated, and would be difficult
to use in practical applications. Secondly, since
there is no reasonably simple relation between the
thermal diffusion and binary diffusion coefficients,
the full multicomponent expressions described ear-
lier must be used to compute D;". But then much of
the simplicity of the method of this section is lost
and one would be better-advised to use instead Eq.
(31) for the diffusion velocity. This becomes more

48 For an example where thermal diffusion must be consider-
ed see O. KLUBER, Z. Naturforsch. 22 a, 1599 [1967], P. H.
GRrASSMANN, Z. Naturforsch. 23 a, 251 [1968] and J. RAE-
DER and S. WirTz, Z. Naturforsch. 23 a, 1695 [1968].
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evident when we consider that D;T will almost al-
ways be computed with a higher approximation than
D;;j so little additional effort is required to compute
the multicomponent diffusion coefficients simultane-
ously with the computation of those for thermal dif-
fusion.

Discussion

We have seen how it is possible to modify the
usual expressions for transport coefficients of multi-
component gases to alow for ionization in the pre-
sence of a magnetic field. The modifications involve
only the introduction of complex elements contain-
ing the cyclotron frequencies into the determinants.
Nonetheless, the practical application of these ex-
pressions to a plasma containing electrons becomes
a complicated task since, in order to compute accu-
rate coefficients for the mixture, at least the second
approximation must be used for the electrical con-
ductivity and the third approximation for the ther-
mal conductivity of ionized gases. This slow con-
vergence, relative to un-ionized gases, is caused by
the presence of the electrons in the mixture. It is
possible to separate the contribution of the elec-
trons to the transport coefficients from that of the
ions and neutrals, and so to use a lower approxima-
tion for the latter than for the electrons. The present
expressions are then valuable for computing the
properties of the mixture of ions and neutrals, and
as a starting point for deducing simplified expres-
sions for the electron properties. These simplified
expressions will be developed in a paper to follow.
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